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ABSTRACT 

The Bogomolnyi vortex of the JV = 2 supersymmetric abelian-Higgs 
model in 2+1 dimensions is shown to be a "semion" of spin 1/4. Specifi- 
cally, the effective superparticle action for one vortex is shown to describe, 
upon quantization, a parity self-dual centrally-charged 'short' supermul- 
tiplet of "relativistic helicities" (— i, — i, i, i)- 
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1 Introduction 



There are a number of field-theory models in three spacetime dimensions (3D) in 
which non-perturbative excitations carry fractional spin and statistics, e.g. [Ij. We 
refer the reader to the book by Wilczek [2] for an introduction to the topic and a 
collection of early articles. The statistical phase angle 9 and the spin s are related 
by 6 = 27rs. Fermions have spin | + n for integer n, so "half-fermions" have spin 
| + ^ and hence statistical phase (| + n)ir. The statistical phase of a bound state 
of two anyons of statistical phase 9 is 46, so the statistical phase of a bound state 
of two half-fermions is a multiple of 2n, which is equivalent to zero; in other words, 
the bound state is a boson. As bosons may condense, this makes half-fermions of 
potential relevance to high T c superconductivity. In the context of relativistic field 
theory, half-fermions were initially called "quartions" [3] but are now generally called 
"semions" [HE]. In this context they have various special properties; one is that 
two semions of spin | and spin | have a spin difference of | and hence may appear 
together as the states of a single JV = 1 3D supermultiplet [4]; other aspects of 
semions in a supersymmetry context have been discussed in [6]. 

There is a further special feature of semions in the context of jY = 1 3D super- 
symmetry. To explain it, we first recall that massive unitary irreps of the 3D Poincare 
group are characterized by their two Poincare invariants [7]: mass and "relativistic 
helicity". The latter may be negative; its absolute value is what we shall call spin, 
and we abbreviate "relativistic helicity" to "helicity" . Parity flips the sign of helicity 
so each state of helicity h is paired, in a parity-preserving theory, with a state of 
helicity —h with the same mass and quantum numbers. A supermultiplet contains 
helicities {h — |, h) while its parity-dual contains helicities (—h, —h + ~). Generically, 
these two multiplets are distinct but they are the same multiplet when h = 4. This 
suggests that spin-| particles might arise naturally in the context of supersymmet- 
ric 3D theories preserving parity. Indeed, the parity self-dual semion supermultiplet 
of helicities (—7,7) is known to occur in various models with two supersymmetry 
charges, such as JV = 1 3D gauge theories [8] and models of supersymmetric quan- 
tum mechanics [9]. The same supermultiplet, but doubly degenerate, was recently 
shown by us to describe the first excited states of the 3D jV = 1 superstring [TO] . 
That result led us to a closer inspection of 3D superparticle models. We shall show 
in a separate paper dedicated to this topic that the generic massive JV = 1 super- 
symmetric parity-preserving superparticle describes, upon quantization, the (— 7, |) 
semion supermultiplet. 

In this paper we shall be concerned with models that have four supercharges. 
An example is the 3D abelian-Higgs model with jV = 2 supersymmetry. We shall 
show that the Bogomolnyi vortex [TT] of this model is, in the quantum theory, a 
semion of spin \. It has been previously argued that vortices in superfluid films 
are semions [12J; this was on the basis of an analysis of the effective non- relativistic 
action for a system of two vortices, but a subsequent analysis of the same two- vortex 
system [13] concluded that the statistical phase is arbitrary. Subsequently, field- 
theoretic models were found with solitons that are naturally semionic [UHT6] but 
these models break parity, whereas the model considered here is parity-preserving. 
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Our argument may be summarized as follows. The space of moduli of a single 
Bogomolnyi vortex solution of the 3D abelian-Higgs model is C [17] . i.e. position in 
2-space viewed as the complex plane. In the context of the jV = 2 supersymmetric 
extension of 3D abelian-Higgs model, the Bogomolnyi vortex solution preserves half 
the supersymmetry [18], and therefore breaks only half the supersymmetry. The 
resulting fermionic Nambu-Goldstone modes lead to an extension of the moduli space 
to the complex superplane C^ 1 ' 1 '; we refer to [19J for a comprehensive review of the 
physics of vortices in supersymmetric theories. The low-energy dynamics of a single 
vortex is therefore described by an jY = 2 massive 3D superparticle action. This 
is in the spirit of Manton's moduli space approximation to soliton collisions [20] 
but things are simpler for a single soliton: there is no need to consider only non- 
relativistic velocities, so the Lorentz invariance of the parent field theory is relevant, 
as are the supersymmetries. Taking all (super) symmetries into account leads to a 
unique effective action governing the dynamics of a single isolated vortex. Of course, 
the "dynamics" is trivial but that is precisely what allows us to focus on the quantum 
effects of the fermion zero modes. These imply that the quantum states belong to a 
centrally charged JV = 2 parity self-dual semion supermultiplet with helicity content 



V 45 45 4? 4; • 

As all states have spin 1/4, we conclude that the Bogomolnyi vortex has spin 1/4. 

We shall begin by reviewing some of the essential features of the Bogomolnyi 
vortex in the context of the jV = 2 supersymmetric extension of the abelian-Higgs 
model. We then review the light-cone quantization of the massive 3D particle; this 
serves to introduce some notation that will be useful later. Next, we construct the 
jV = 2 massive superparticle model, which is essentially a 3D variant of the 4D 
massive superparticle model of [2T]. We quantize it in the light-cone gauge to show 
that it describes the above jY = 2 semion supermultiplet. This result assumes that 
we quantize preserving parity. We show that the option to quantize breaking parity, 
which exploits an operator ordering ambiguity, is equivalent to the quantization of 
a parity-violating extension of the superparticle action to include a "Lorentz- Wess- 
Zumino" term, first discussed for the bosonic particle by Schonfeld [22] . We conclude 
with a summary and a discussion of some extensions of our results. 



2 The supersymmetric Bogomolnyi vortex 

The uY = 2 3D abelian gauge vector multiplet contains the boson fields 0, D) 
where is a real physical scalar and D a real auxiliary scalar, and A is the gauge 
potential 1-form, with field strength F = dA. There is also a complex spinor field 
A. In the JV = 2 supersymmetric 3D abelian-Higgs model this supermultiplet is 
coupled to a complex scalar supermultiplet with bosonic fields (Z,F), where F is 
auxiliary, and complex spinor field \. After elimination of the auxiliary fields, the 
bosonic truncation of the Lagrangian density is 

JSf = ~\\F\ 2 - ^\d(j)\ 2 - {dZ + iqAZ) ■ {dZ + iqAZ)* - V(Z,(f>) , (2.1) 
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where q is non-zero constant, and 



V{ZA) = ^{q\Z\ 2 -0 2 + q ^\Z\ 



(2.2) 



The constant £ is the Fayet-Iliopoulos parameter. If £/q < then the potential 
cannot vanish and supersymmetry is spontaneously broken. If £/q > then there are 
supersymmetric vacua at 



0, 



\z\ = VUq- 



(2.3) 



This is the case of interest to us here. We will not need the remainder of the La- 
grangian involving the spinor fields A and x but to determine which bosonic solutions 
preserve some fraction of the supersymmetry of the vacuum solutions we will need to 
know the supersymmetry variations of these fields, which are 



S e X = -T^F, v -iT»d,<P + i{q\Z\ 2 -() 
5 tX = V2(d,Z + iq A,Z)T^e, 



(2.4) 



where r M are the 3D Dirac matrices, and = r^T"]. 

Because the phase of Z is undetermined in a supersymmetric vacuum, we expect 
vortex solutions in which this phase changes by some multiple of 2ir as one moves 
around a circle "at infinity". To find them we may set = 0. The Hamiltonian 
density for static configurations then reduces to 



M> = l -B 2 + VZ ■ (VZJ + l - {q\Z\ 2 - $ 

where the boldface indicates a spatial 2-vector, and 

B = VxA, V = V + iqA . 
The integral of Jf over the 2-space can be written as 

j Sx^-[B±(q\Z\ 2 -i)] 2 + \(v l ±rV 2 )z 



=F £ (p dx • A 



(2.5) 



(2.6) 



(2.7) 



j d 2 x,W > 


(j) dx • A 


= \m\ 




J oo 





where the line integral is taken around the circle "at infinity"; it equals the total 
magnetic flux of the vortex, and is a topological charge. We therefore have the 
Bogomolnyi bound 

(2.8) 

This inequality is saturated by configurations satisfying the first-order Bogomolnyi 
equations 

B = ± (q\Z\ 2 -f) , V 1 Z = ±iV 2 Z. (2.9) 

These equations have no known exact solution but a solution exists and can be found 
numerically. 
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In a vortex background satisfying (I2.9p the supersymmetry transformations (I2.4p 
reduce to 

6 e X = ±iB (1 T*T 12 )e, < y eX = V^r 1 Vi^(lTiri 2 )e. (2.10) 

Both variations vanish when iT 12 e = ±e, which is equivalent to 

[l±ir°]e = 0. (2.11) 

Since zr° is hermitian, with eigenvalues +1 and —1, this condition on e leaves one 
of the two complex components of e unconstrained, which implies that the vortex 
preserves half of the supersymmetry. We may go further: this preservation of super- 
symmetry is possible only because of a central charge in the algebra of the complex 
supersymmetry charge Q. In the presence of the vortex, the non-zero anticommutator 
of supersymmetry charges in the rest frame must be 

{Q,Q f } = (l±iT°) \m\. (2.12) 



3 Interlude: the 3D particle 

Let X M be cartesian coordinates for 3D Minkowski spacetime, with metric r\ of "mostly 
plus" signature. The worldline of a particle in this spacetime, parametrized by a time 
coordinate r, is specified by a map X M (r) from spacetime to the worldline. We wish to 
consider an action functional of this map that is invariant under reparametrizations 
of the worldline. The standard action for a spinless 3D particle of mass m is 

S[X] = ~mj dTy/±K±»ri ta/ (/i = 0,1, 2), (3.1) 

The Hamiltonian form of the action is 

S[X, P] = J dr jx> M - h (P 2 + m 2 ) | , P 2 = t^FT" . (3.2) 

The time reparametrization invariance is equivalent to gauge invariance under the 
infinitesimal "a-symmetry" transformation 

6 a X» = a(r)P M , <UV = 0, 6J = a , (3.3) 

with arbitrary parameter a(r). This action is also invariant under the rigid action of 
the 3D Poincare group; the Noether charges are 

^ = P„, /^[XAPf, (3.4) 

where the wedge product is defined for any two 3- vectors (U, V) as 

[U A Yf = e^UvVp , e 012 = 1 . (3.5) 
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To quantize, we must deal with the gauge invariance. The simplest procedure is 
to note that the mass-shell constraint is "first-class" in Dirac's terminology, and so 
may be imposed as a physical state condition on the Hilbert space that results from 
a standard canonical quantization ignoring the gauge invariance. This leads directly 
to the Klein-Gordon equation for a spin zero particle of mass m. This procedure is 
typically much more involved for superparticles, and it is generally easier to first fix 
the gauge to arrive at an action in canonical form for physical variables only. We 
shall illustrate the procedure using the light-cone gauge. 

We first define 'light-cone' coordinates and their conjugate momenta by 



x 



± 



(X 1 ± X°) , x = X 2 ; p ± = -j= (P x ± P ) , p = P 2 , (3.6) 
so that, for example, 

P 2 = 2p_p + + p 2 . (3.7) 

We may fix the time reparametrization invariance, equivalently "a-symmetry" gauge 
invariance, by choosing 

x + = t. (3.8) 

This is the light-cone gauge. In this gauge the Hamiltonian is H = — p + , which 
the constraint determines in terms of the remaining canonical pairs. The resulting 
Lagrangian is 

L = xp + x~p- — H , H — (p 2 + m 2 ) . (3.9) 

2p_ ' 



In this gauge, the Poincare charges (13.41) are 

9> = p , &- = p- , ^+ = -H , 

Jf = x~p^ + rH, a ^ + = Tp — xp_, ^~ = —x~p — xH. (3.10) 

The equations of motion imply that these charges are time-independent; the explicit 
time-dependence is canceled by the implicit time-dependence due to by the equations 
of motion. Upon quantization we have the equal-time commutation relations 

[x~,pJ\=i, [x,p]=i. (3.11) 

There are now operator ordering ambiguities in the expressions for J? and ■ 
These ambiguities are fixed by the twin requirements of hermiticity and closure of 
the Lorentz algebra. The quantum Lorentz generators are 

J = \ {x~,P-}+tH, c f + = T P -xp^, f- = -x-p~{x,H}.(?>.l2) 

It should now be understood that the canonical variables in these expressions are 
operators, as is H. Using the commutation relations ( 13.111) . one may verify that 

[Jif ± ]=±if ± i [/ + >f-]=if, (3-13) 
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which is equivalent to 

\f^f v \=^ vp J P - (3-14) 

One may similarly verify that 

\J\ 9 V \ = ie» vp & p , & v \ = . (3.15) 

This confirms the Poincare invariance of the quantum theory. 
The two Casimirs of the Poincare algebra are 

^•^ = -m 2 , ^.^ = 0. (3.16) 

We thus confirm that the particle has mass m and zero spin zero. This conclusion 
may be further verified by an analysis of the time-dependent Schroedinger equation. 
Let \I/(p,p_;t) be the wave-function in the momentum representation. Taking into 
account that r = x + , the Schroedinger equation in this representation is equivalent 
to 

(p 2 + m 2 ) = 2iP--fc+, (3-17) 

where (p,p_) are here the eigenvalues of the corresponding operators. After a double 
Fourier transform, this becomes equivalent to the Klein-Gordon equation, with mass 
m, for configuration space wave-function 



3.1 The LWZ term 

The particle action (13. ip is invariant under the discrete parity transformation 

X 2 ^-X 2 , P 2 ^-P 2 . (3.18) 

It is possible to add to the action a parity-violating Lorentz-Wess-Zumino (LWZ) 
term [22]. This possibility is based on the observation that the phase-space two 
forrrn 

n = - (-P 2 ) 2 e^F^dFvdFp (3.19) 
is both manifestly Poincare invariant and closed. In fact, 

n = doj, u = " -, VVg£> ^ ^ N 2 = -l, (3.20) 

( N • P + v^¥) 

where N is a constant normalized timelike 3- vector. The pullback of u to the worldline 
defines a worldline 1-form dr u T and we may add to the action the term 



'LWZ 



P dru T . (3.21) 



1 We suppress the usual wedge symbol for the exterior product in order to avoid possible confusion 
with the 3D vector product. 



6 



Although this is not manifestly Lorentz invariant, its Lorentz variation is a boundary 
term. This is sufficient for Noether's theorem but the Lorentz Noether charges are 
modified to 

J* = [X APf - — (3.22) 

m 

It follows that 

@>.f = mP, (3.23) 

so the effect of the LWZ term is to shift the helicity by /3; this means that for 2/3 ^ Z 
the particle is an "anyon". As far as we are aware, this was the first 'physical' 
realization of fractional angular momentum (in contrast to fractional statistics [23]). 

In the quantum theory, the new /3-dependent Lorentz charges f 1 3 . 2 2 j) must be 
equivalent to the standard Lorentz commutation relations, for any /3; this is possible 
because the canonical commutation relations are also /3-dependent since they are 
altered by the addition of the LWZ term. How this all works is quite transparent in 
the light-cone gauge. The addition of the LWZ term leads to the modified light-cone- 
gauge Lagrangian 

L = xp + x~p„ + 0^- - H , (3.24) 
mp_ 

where H is as before. It is now possible to redefine variables so as to remove the LWZ 
term from the action! Let us define 

y = x , y = x H . (3.25) 

mp- m 

The shift of x has no effect on the Lagrangian but it affects the Lorentz charges 
because these depend on the origin of coordinates, even though the Poincare invari- 
ants obviously do not. The shift of x~ affects both the Lagrangian and the Lorentz 
charges. The combined effect is that the Lagrangian becomes 

if = yp + y- p _ - H , H = — (p 2 + m 2 ) . (3.26) 

2p_ 

This differs from (I3.9P only in notation. However, the Lorentz charges are now 

in 

f = y-p_ + T H, f + = Tp-yp_, f- = -y-p-yH + (3—. (3.27) 

p_ 

From this result we recover the result f!3.23j) for the shift in helicity. Despite the 
addition of /3m/p_ to , the Lorentz charges are still hermitian and satisfy the 
commutation relations (I3.13p . Thus, the effect of the LWZ term in the light-cone 
gauge is to exploit an ambiguity in the definition of J?~ that shifts the helicity by a 
constant. 



4 The massive j¥ = 2 superparticle 

A superparticle action is an extension of the particle action just considered in which 
the spacetime, in our case 3D Minkowski space, is extended to a superspace with 
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additional anticommuting coordinates. For the case of interest here, the additional 
anticommuting coordinates transform as a single complex 3D spinor G, but this is 
equivalent to a pair of Majorana spinors. The equivalence is especially simple if we 
choose a real representation of the Dirac matrices such as 

T = -ia 2 , Ti = ax , T 2 = o- 3 • (4.1) 

In this case, the real and imaginary parts of the complex spinor B are Majorana 
spinors: 

e = e 1 + *e 2 , e a = err° (a = 1,2). (4.2) 

The superspace with coordinates (X, 6 a ) is the group manifold for the jV = 2 su- 
pertranslation group. This includes the supersymmetry transformations, which have 
the following infinitesimal action on the superspace coordinates: 

5 e X» = iQ a T»e a , 6 e Q a = e a (4.3) 

where e a is a pair of constant real anticommuting spinor parameters . 

The following superspace differential forms are invariant under supersymmetry 
transformations 

IP = c/X M + iQ a T^de a , dQ a . (4.4) 

We may construct a manifestly super-Poincare invariant action from the previously 
discussed particle action by the replacement 

X ->■ n r ee X + iOaT»e a . (4.5) 

However, there will be no central charge in the anticommutator of the supersymmetry 
Noether charges of this model, precisely because the super-Poincare symmetry is 
manifest. To allow for the central charge we must add a Wess-Zumino (WZ) term to 
the action. To do this we observe that the real 2-fornj§ 

ie ab d& a d& b = d [ie ab Q a de b ] (4.6) 

is both super-Poincare invariant and closed. In fact, it is exact in de Rham co- 
homology but not in the Lie algebra cohomology of relevance here because the 1- 
form e ab Q a dQb is not supertranslation invariant; its variation under supersymmetry 
is a total derivative. However, this is sufficient for the purposes of constructing a 
super-Poincare invariant action. 

These considerations lead to the = 2 superparticle action 

S[X, P, 9 a ; £} = Jdr jx> M + i® a f a - ime ab Q a Q b - U (P 2 + m 2 ) j . (4.7) 

where = P M r M . This action is invariant under time reparametrizations, equivalently 
a-symmetry gauge transformations, which are exactly as for the bosonic particle. In 

2 We adopt the common convention that the product of a pair of real anticommuting variables is 
imaginary, so the factor of i is needed for reality. 



s 



addition, we have chosen the coefficient of the WZ term to ensure invariance under 
the following ( "^-symmetry" ) gauge transformations: 

5 K X» = i8 K e a T^e a , 5Q a = (f5 ab + me ab ) K h , 5 J = -4iR a Q a . (4.8) 

As half of the eigenvalues of the matrix (tf'S + me) vanish on the mass shell, only half 
of the components of G a may be "gauged away. This means that there is only one 
complex gauge- invariant combination of the components of a . Taking into account 
the time-reparametrization invariance, we conclude that the superparticle action (14. 7p 
describes dynamics on C*- 1,1 ^, as required. 

The Lorentz Noether charges for the action ( 14 .TP are 

= [x a p]" + % -e a e a - ^ £ ab e a r»e b , (4.9) 

The supersymmetry Noether charges are 

£ a = V2 [f8 ab -me ab ] Q b , (4.10) 

The a-symmetry and ^-symmetry variations of these charges vanish on the mass- 
shell. Finally, to complete our discussion of the symmetries, we observe that the 
action ( 14. 7ft is invariant under the discrete symmetry 

x 2 ^-x 2 , p 2 ^-p 2 , 0i->r 2 ei, e 2 ^-r 2 e 2 . (4.11) 

This shows that the parity invariance of the bosonic particle extends to a symmetry 
of the jV = 2 massive superparticle, even in the presence of the WZ term. 



4.1 Light-cone gauge Quantization 

We shall quantize in the light-cone gauge. First, we fix the K-symmetry by imposing 
the condition 

r+e a = o. (4.12) 

This implies that 



e 1 + *e 2 = ^^ , (4.13) 

vV2^: v 7 

where 6 is a single complex anticommuting variable. The light-cone gauge fixing of 
the a-gauge transformations now proceeds as for the bosonic particle: we set x + = r 
and solve the constraint for p + . The resulting Lagrangian is 

Sf = ip + x-p- + i6*6-H, H= -^ • ( 4 - 14 ) 

The Poincare generators in the light-cone gauge are 

& = p , = p- , &' + = -H, 

J? = + tH , + = rp — xp_ , 
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-x~p-xH+ 66*, (4.15) 

2p_ 
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and hence 

rrT 1 & ■ J = -99* . (4.16) 
The complex supersymetry charge 

Q = «2i + i«2 2 (4.17) 

becomes, in the light-cone gauge, 



«=^(%2 6 >- (4 - 18 



V2 



P- 



Finally, we observe that the parity transformations of ( 14. lip imply the following 
discrete transformations of the light-cone variables: 

x-t-x, p->-p, 9^-9*. (4.19) 

The Lagrangian (14.15j) changes by a total derivative under this transformation, so 
the gauge-fixing has not destroyed the parity invariance. 

Upon quantization, which involves 9* — > 9\ we have the equal-time (anti) commutation 
relations 

[x~,p-]=i, [x,p]=i, {9\9} = 1. (4.20) 
The anticommutation relation implies a two-state system. It also implies that 

{Q,Qi} = (f+im)T°, (4.21) 

where we may interpret the matrix operator on the right hand side as an ordinary 
matrix in the momentum representation. Going to the rest-frame we then find that 

{Q,Q^} = (l±iT°)\m\, (4.22) 

where the sign is the sign of m. This is precisely the anticommutator of f)2.12p . 
The quantum Lorentz charges are 

J = ^{X~,P-} +TH , J f+ = Tp~Xp_, 

J~ = -x-p- 1 -{x,H} + ^[9,9i]+^, (4.23) 
2 4p_ L J p_ 

where (3 is an arbitrary real constant arising from the ambiguity in ordering of the 
9 and 9^ operators^. We encountered this ambiguity in subsection 13.11 where we 
saw that it corresponds to the addition to the classical action of a LWZ term. The 
addition of this term to the superparticle action is manifestly compatible with all 
gauge invariances, and with super-Poincare invariance, but it breaks parity. This 



3 This ordering ambiguity does not occur if the classical Lagrangian is first expressed in terms of 
the real and imaginary parts of 9. Nevertheless, there is still an ambiguity in the definition of the 
quantum charges. 
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is obvious from the quantum version of the parity transformations (I4.19p . which 
interchange 9 with 9\ but it can also be seen from the fact that it is only for (3 = that 
the parity transformations (I4.19P induce an automorphism of the Lorentz algebra: 

J^J, £ / ± ^" £ / ± - (4-24) 

As our starting action had no LWZ term, and hence preserved parity, we now set 
(5 = 0. With this choice, we have 

rrr^@>.J = \ F, F = 9*9. (4.25) 

The fermion number operator F has eigenvalues (empty) or 1 (filled). The "empty" 
state therefore has helicity | while the "filled" state has helicity — |. Moreover, 

{(-1) F ,Q}=0, (_lf = l_2F, (4.26) 

which implies that the "empty" and "filled" states are part of a supermultiplet; this 
is possible because the helicity difference is 1/2. Actually, each of the "empty" and 
"filled" states is doubly degenerate. This follows from the fact that the following 
three hermitian operators are mutually anticommuting: 

(6 + 9*), i (9 (-1)^ = 1 - 26*^ . (4.27) 

There is no real hermitian 2x2 realization of three such operators, so the two- 
dimensional spin space is necessarily complex. In other words, there are two "empty" 
states of helicity \ and two "filled" states of helicity —\. This is also expected from 
the fact that the states must carry a charge. We thus conclude that the helicity 
content of the supermultiplet described by the superparticle is 

(-i-iii) ■ (4-28) 

This parity self-dual 'short' representation of JV = 2 supersymmetry with a central 
charge is one that has not previously been considered, to the best of our knowledge. 
Each of the two 'active' supersymmetry charges takes one of the — | helicity states to 
one of the | helicity states. Usually one expects spacetime supersymmetry to connect 
different spins but here is an exception! 

5 Discussion 

We have shown that the ^-symmetric 3D massive JV = 2 superparticle describes, 
upon quantization and preserving parity invariance, a supermultiplet of states, all 
of which have spin 1/4. As far as we are aware, this remarkable supermultiplet of 
JV = 2 3D supersymmetry was previously unknown^. It would of interest to find a 
Lorentz covariant description of it, perhaps along the lines of [I]. 

4 An = 1 semion supermultiplet with a "hidden" JY = 2 supersymmetry was described in |24j 
but it is not clear to us what the action of the central charge is in this construction. 
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Equally remarkable is the fact that this superparticle action can be interpreted 
as an effective action for a Bogomolnyi vortex of the jV = 2 supersymmetric 3D 
abelian-Higgs model; this interpretation shows that the quantum Bogomolnyi vortex 
in this context carries spin 1. Our result may well apply to other supersymmetric 
soliton solutions of parity-preserving 3D field theories with JV = 2 supersymmetry, 
but in general one expects additional "internal" degrees of freedom to be relevant. 
In this case it might be possible to view the spin-1 soliton as a bound state of some 
more fundamental ingredients. 

Our results may be extended to ,JV > 2. For even jV there is a kappa-symmetric 
massive superparticle action. For jY = 4 it describes a supermultiplet of helicities 

(-1,-1,0,0,0,0,1,1) . (5.29) 

This is just the 3D version of the 4D hypermultiplet. This case is of course applicable 
to the Bogomolnyi vortex of the maximally-supersymmetric jV = 4 abelian-Higgs 
model, but in this context the result is not a surprise. 

For JY = 6 we again find a semion supermultiplet with helicities 

(_3 _3 _1 _1 _1 _1 _1 _1 1111113 3N (r orA 

\ 45 45 4) 4) 4) 4) 4) 45 45 45 45 45 45 45 45 4/ ' ^d.OUJ 

However, there is no obvious application to 3D field theory. At JV = 16 we get a 
parity self-dual supermultiplet with spin 2. This should not be confused with the 
recently discussed Jf = 8 parity self-dual spin 2 supermultiplet [25] because the 
supermultiplets under discussion here have a central charge. 

Finally, we have clarified some aspects of the parity- violating Lorentz-Wess-Zumino 
term introduced for the 3D particle in [22]. This is perhaps the simplest mechanical 
model for an anyon. In particular, we have pointed out that this term can be included 
in superparticle models, consistent with all gauge invariances and all symmetries ex- 
cept parity. In this context it leads to a shift of all helicities in a supermultiplet. 
Applied to the massive jV = 2 superparticle, it would be possible to choose the coef- 
ficient of the LWZ term to arrange for the helicities to be (0, 0, |, 1); i.e. non-anyonic. 
The absence of helicity — | states in this supermultiplet shows that parity is broken. 
What is not clear is how the LWZ term could arise in an effective action for vortices 
in the parity-violating extension of the jV = 2 supersymmetric abelian-Higgs model 
to include a Chern-Simons term. The results of j2S] suggest that Chern-Simons terms 
have a rather different effect, but it is also not clear to us at present how this effect is 
compatible with supersymmetry. It seems that there remains much to be understood 
about solitions in parity-violating supersymmetric 3D field theories. 
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